Решение задачи о построении выпуклого тела вращения максимальной площади поверхности методами нелинейного программирования by Цветкова, Е.Г.
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^XL KVSb VQOPK KXL GOJSKNPGKROJ Od V GOJ_LY NOKVNa iMPNL# XV_RJM KXL
ZVYRZPZ VNLV Od V SPNdVGL VJW MR_LJ NLSKNRGKROJS OJ cRWKX# RS GOJSRWLNLW
RJ KXRS cONb ^XRS KVSb RS SOU_LW Qa KXL ZLKXOWS Od JOJURJLVN TNOMNVZZRJM 
^XL GOZTVNRSOJ Od KXL WRfLNLJK JPZLNVU ZLKXOWS VJW WRfLNLJK bRJWS Od
VTTNOYRZVKROJ VNL MR_LJ RJ KXRS cONb ^XL dONZPUVS dON KXL iJWRJM Od KXL
JPZLNRG WLGRSROJ Od KXL MR_LJ KVSb VNL TNOWPGLW RJ KXRS cONb 
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h(n) = max
y∈F
(n, y),
 n = (n1, n2, n3) 8 /  +&.  7/ 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n1 = cos θ sinϕ, n2 = sin θ sinϕ,
n3 = cosϕ, Ω = {(θ, ϕ) | θ ∈ [0, 2π], ϕ ∈ [0, π]}.
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 7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h(θ, ϕ) = H(cosθsinϕ, sinθsinϕ, cosϕ)
+/ ]  Ω &. &.2 m@nA
ρ(θ, ϕ)e0, ρ(θ, ϕ)T (θ, ϕ)− σ2(θ, ϕ)e0, (θ, ϕ) ∈ Ω, (1)

ρ(θ, ϕ) = hϕϕ(θ, ϕ) + h(θ, ϕ), σ(θ, ϕ) =
hϕθ(θ, ϕ)
sinϕ
− cosϕ
sin2ϕ
hθ(θ, ϕ),
T (θ, ϕ) =
hθθ(θ, ϕ)
sin2ϕ
+
cosϕ
sinϕ
hϕ(θ, ϕ) + h(θ, ϕ).
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S(F ) =
2π∫
0
π∫
0
[h2(θ, ϕ) − hϕ
2(θ, ϕ)
2
− hθ
2(θ, ϕ)
2sin2ϕ
]sinϕdθdϕ.
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Δ ≤ h(θ, ϕ) + h(θ + π, π − ϕ) ≤ D, (θ, ϕ) ∈ Ω.
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h(νj , τj) + h(νj + π, π − τj) ≤ aj , (νj , τj) ∈ Ω , Δ ≤ aj ≤ D , j = 1, r.
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h(0, ϕ) = h(2π, ϕ), h(θ, 0) = h(π + θ, π) = Δ2 .
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] 7 -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 7$ h =
h(ϕ)  ?6/2 t = ϕ 	&. +& !<" +2 A{ ••
h (t) + h(t)e0,
cos t
sin t
•
h(t) + h(t)e0, t ∈ [0, π]
(2)
(3)
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S(F ) = 2π
π∫
0
[h2(t)− 1
2
•
h(t)2] sin(t)dt
+ /.0A
h(0) = h(π) = Δ2 , Δ ≤ h(t) + h(π − t) ≤ D,
h(τj) + h(π − τj) ≤ aj , j = 1, r,
••
h (t) + h(t)e0, cos tsin t
•
h(t) + h(t)e0, t ∈ [0, π].
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&A h(t) = h(π − t), t ∈ [0, π].
2 7$] G(t) = cos tsin t
•
h(t) + h(t), t ∈ [0, π]. j/ 9. 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x1(t) = h(t) + h(π − t), x2(t) = •x1(t), u(t) = x1(t) + •x1(t), t ∈ [0, π].
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J(u) = − 1
2π
S(F ) = −
π∫
0
[x12(t)− x2
2(t)
2
] sin(t)dt
+ /.0
•
x1(t) = x2(t),
•
x2(t) = −x1(t) + u(t), u(t)e0,
Δ ≤ x1(t) ≤ D, t ∈ [0, π], x1(π) = Δ, x2(π) = −
√
D2 −Δ2,
x1(τj) ≤ aj , j = 1, r , x1(0) = Δ, x2(0) =
√
D2 −Δ2.
(4)
(5)
(6)
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a1 = D, 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J(u) = −
π∫
0
[
x21(t)− 12x22(t)−Mk1 (Δ− x1(t))2+ −Mk2 (x1(t)−D)2+
]
sin(t)dt+
+Mk3 |x1(π)−Δ|2 + Mk4
∣∣x2(π) +√D2 −Δ2∣∣2 (7)
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2 ,M
k
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t0 = 0, ti = iσ, xi1 = x1(ti) , x
i
2 = x2(ti) , u
i = u(ti) ,
tq = π, i = 0, q .
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J(x, u) =
= −
q−1∑
i=0
[((
xi1
)2 − 12 (xi2)2) sin ti −Mk1 (Δ− xi1)2+ −Mk2 (xi1 −D)2+]σ+
+Mk3 |xq1 −Δ|2 + Mk4
∣∣xq2 +√D2 −Δ2∣∣2 (8)
+ /.0
xi+11 = x
i
1 + x
i
2σ, x
i+1
2 = x
i
2 + (−xi1 + ui)σ, uie0, i = 0, q − 1,
x01 = Δ, x02 =
√
D2 −Δ2. (9)
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L(λ0, x, u, p) =
= λ0
[
−
q−1∑
i=0
((
(xi1)
2 − 12 (xi2)2
)
sin ti −Mk1
(
Δ− xi1
)2
+
−Mk2
(
xi1 −D
)2
+
)
σ+
+M3 |xq1 −Δ|2 + Mk4
∣∣xq2 +√D2 −Δ2∣∣2
]
+
q−1∑
i=0
pi+11 (x
i+1
1 − xi1 − xi2σ)+
+
q−1∑
i=0
pi+12 (x
i+1
2 − xi2 + (xi1 − ui)σ).
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pq1 = −2λ0Mk3 |xq1 −Δ| ,
pq2 = −2λ0Mk4
∣∣xq2 +√D2 −Δ2∣∣ ,
pi+11 = p
i
1 + λ0
(
−2xi1 sin ti − 2Mk1
(
Δ− xi1
)
+
+ 2Mk2
(
xi1 −D
)
+
)
σ + pi+12 σ,
pi+12 = p
i
2 + λ0x
i
2 sin t
iσ − pi+11 σ, i = 0, q − 1.
&.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# 2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∂L
∂ui = −pi+12 σ, i = 0, q − 1, . +  2 2268
2 7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xi+11 = x
i
1 + σ
(
1
6x
i
2 +
1
3x
i,2
2 +
1
3x
i,3
2 +
1
6x
i,4
2
)
,
xi+12 = x
i
2+
+σ
(
1
6
(−xi1 + ui)+ 13 (−xi,21 + ui,2)+ 13 (−xi,31 + ui,3)xi,32 + 16 (−xi,41 + ui,4)) ,

xi,21 = x
i
1 +
1
2σx
i
2, x
i,2
2 = x
i
2 +
1
2
σ
(−xi1 + ui) ,
xi,31 = x
i
1
(
1 + 12σ
)
+ 14σ
2xi2, x
i,3
2 = x
i
2
(
1 + 12σ
)
+ 14σ
2
(−xi1 + ui) ,
xi,41 = x
i
1
(
1 + σ
(
1 + 12σ
))
+ 14σ
3xi2, x
i,4
2 = x
i
2
(
1 + σ
(
1 + 12σ
))
+ 14σ
3
(−xi1 + ui) .
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J(x, u) = − 124
q−1∑
i=0
[
2
((
xi1
)2 sin(ti) + 4 (xi1 + 12σxi2)2 sin(ti + 12σ)+
+4
(
xi1(1 +
1
2σ) +
1
4σ
2xi2
)2 sin(ti + 12σ) + 3 (xi1 (1 + σ(1 + 12σ))+ 14σ3xi2)2) sin(ti+1)−
−
(
2
(
xi2
)2 sin(ti) + 4 (xi2 + 12σ (−xi1 + ui))2 sin(ti + 12σ)+
+4
(
xi2
(
1 + 12σ
)
+ 14σ
2
(−xi1 + ui))2 sin(ti + 12σ)+
+3
(
xi2
(
1 + σ(1 + 12σ)
)
+ 14σ
3
(−xi1 + ui))2) sin(ti+1)−
−24Mk1
((
Δ− xi1
)2
+
+
(
Δ− xi1 − 12σxi2
)2
+
+
(
Δ− xi1(1 + 12σ)− 14σ2xi2
)2
+
+
+
(
Δ− xi1
(
1 + σ(1 + 12σ)
)− 14σ3xi2)2+)−
−24Mk2
((
xi1 −D
)2
+
+
(
xi1 +
1
2σx
i
2 −D
)2
+
+
(
xi1(1 +
1
2σ) +
1
4σ
2xi2 −D
)2
+
+
+
(
xi1
(
1 + σ(1 + 12σ)
)
+ 14σ
3xi2 −D
)2
+
)]
σ + Mk3 |xq1 −Δ|2 + Mk4
∣∣xq2 +√D2 −Δ2∣∣2
+ /.0A
xi+11 = x
i
1
(
1 + 16σ
(
7 + 3σ + σ2
))
+ 112x
i
2
(
2 + σ + σ2
)
σ2,
xi+12 = x
i
2
(
1 + 16σ
(
7 + 3σ + σ2
))
+ 112
(−xi1 + ui) (2 + σ + σ2)σ2,
uie0, i = 0, q − 1, x01 = Δ, x02 =
√
D2 −Δ2 .
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8
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# San 8 +-( +0 7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/2 9]# ucalc, xcalc, Jcalc 8 +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 9 6/# +&/
22 970 7$# Cit 8 /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$ 2 970 7$#
δJan =
|Jcalc−Jan|
|Jan| · 100%, δxan =
‖xcalc−xan‖
‖xan‖ · 100%# δuan =
‖ucalc−uan‖
‖uan‖ · 100%#
Scalc 8 +-( +0 7# ]- /&2 9]# εx8
/( 2 + # εJ 8/( 2 + $& 7$ 
/&. +6 + &]-0 6/.0 +2A
Δ = 0, 8, D = 1, σ = 10−3# εx = 10−12# εJ = 10−12.
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/ 7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&# ]- +2&(2 &/2 8
9] 6/#  Jan = −1, 96, +&-( +2&( 7 San = 3, 07.
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Mk2 = 160 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 7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/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Cit @C>D=F DE<@D<
Jcalc 8<#[=< 8<#[FC
δxan,% >#= >#=
δuan,% DB D<
δJan,% >#E >#B
Scalc @#>[B @#>C[
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0 7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••
x1(t) + x1(t) = u(t)e0, t ∈ [0, π].
+&(6. 72& H& ++2$  +6
••
x1(ti) ≈ x
i+2
1 − 2xi+11 + xi1
σ2
,
+&/2  G9 &. 76 +2A
xi+21 − 2xi+11 + xi1
σ2
+ xi1 = u
i+1, i = 0, q − 2.
+&(62  &. +&/. /  xi1 /.  +&
2] A uie0, i = 0, q − 1. 6 /.  7$] +&.  78
7$&(0 .6 +&/2  /.A
xi+21 − 2xi+11 + xi1
σ2
+ xi1e0, i = 0, q − 2.

&. /&. &  $&2 7$& +&(62 72& &0
+.2&( 6] 76  x2(t) 1 ++22
+ 72& H& 
 ?. 226( 7$]
J(x) = −
q−1∑
i=0
((
xi1
)2 − 1
2
(
xi+11 − xi1
)
σ2
2)
σ sin(ti)
+ /.0
Δ ≤ xi1 ≤ D, i = 0, q − 2, x1(τj) ≤ aj , j = 1, r,
xi+21 −2xi+11 +xi1
σ2 + x
i
1e0, i = 0, q − 2,
x01 = x
q
1 = Δ, x02 =
√
D2 −Δ2 , xq2 = −
√
D2 −Δ2.
(10)
(11)
(12)
CF  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
2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 +228
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.  \22
+2.. 2 +$  	&.A
xi+21 −2xi+11 +xi1
σ2 + x
i
1e0, x
i+1
1 −2xi1+xi−11
σ2 + x
i−1
1 e0,
xi1−2xi−11 +xi−21
σ2 + x
i−2
1 e0, i = 2, q − 2,
\& 2 /A⎧⎪⎨
⎪⎩
xi1e
2xi+11 −xi+21
1+σ2 ,
xi1 ≤ x
i+1
1 +(1+σ
2)xi−11
2 ,
xi1e2x
i−1
1 − (1 + σ2)xi−21 , i = 2, q − 2,
/].  2  +2-(] +$ 
 2262 7$
∂f
∂xi1
= −2xi1 sin(ti)σ −
xi+11 − xi1
σ
sin(ti) +
xi1 − xi−11
σ
sin(ti−1), i = 1, q − 1.
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 + &]-0 6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.0 +2A
Δ = 0, 8, D = 1, σ = 10−3, εx = 10−12, εJ = 10−12.
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Δ = 0, 8, D = 1, εx = 10−12, εJ = 10−12.
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